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INTRODUCTION: a quantization story

Hopf algebroid Hopf algebra
base algebra base field
groupoid group

Lie algebroid Lie algebra
bundle fiber

quantum groupoid quantum group

D2 algebra extension D2 alg. ext.
with trivial centralizer

Why Galois theory?
Principal bundle Px G — P —Y
Pass to function algebras.

Dualize P x G — P xvy P.
Free action < Galois isomorphism

Hopf-Galois extension B— A — AQ H.



Poisson Algebra: a commutative algebra with
a bilinear Lie bracket {, } satisfying Leibniz:

{ef, g} =e{f, 9} +{e g}f.

Example. Polynomial algebra R [z, p] with
{f,g} = gigg—gggg. Tensor product of Poisson
algebras ~» usual Poisson bracket in any even

number of variables for polynomials.

Example. A Poisson manifold is a smooth
manifold M where C°°(M) is a Poisson algebra.
Since {f,-} is a derivation on C*°(M), there is
a (Hamiltonian) vector field V; s.t.

{f,9} = (Vy,dg)

Example. A symplectic manifold is a manifold
with a nondegenerate closed 2-form w. Let Vf
now be defined by df (u) = w(u, Vy), all tangent
vectors u. Then

{fag} — W(Vf, Vg)



defines a Poisson bracket. E.g. w =), dx; \dp;
is a symplectic form on R 2" whose Poisson al-
gebra extends the polynomial algebra above.
The cotangent bundle of any manifold is sym-
plectic.

Quantization of Poisson algebras
Start: commutative algebra A

Aim: nontrivial associative algebra structure
on ring of formal power series A[[h]] where A =

Al[r]]/(h).

Proceed: multiplication * given by (f,g € A)

f*g=fg+hei(f,9) +h%ca(fi9) + -
where ¢; : AQ A — A, Hochschild 2-cochains.

Associativity condition: (co(f,9) = fg =gf)
Zz—I—jzn Cj(ci(e7 f)7 g) — Zp—l—qzn Cp(ea CQ(fa g))



Equivalently: dcy = 0, dco = Sqcq,
dcz = [ec1, co]l, Gerstenhaber bracket..

Loosely: coboundaries < equivalences of A[[h]]
with itself, H2(A, A) < infinitesimal deforma-
tions, and H3(A, A) — obstructions to carrying
out aim.

Suppose all obstructions are passed, e.g.
H3(A,A) = 0. Then A[[h]] is alg. and A has a

Poisson bracket: {f,g} = c1(f,g9) —c1(g, f).

Def. Call (A[[h]],*) a quantization of A, and
call the Poisson algebra (A,{,}) the quasiclas-
sical limit of (A[[h]], *).

Example. A = R|[z,p] with {,} above is quasi-
classical limit of (A[[h]], *) where

1
f *x g = m(eﬁh(ax@)ap 3p®8x)f 028 g)



Def. Lie bialgebra = Lie algebra (G,|[,]) with
(cobracket) map ¢ : G — A2G satisfying a co-
Jacobi identity and a cocycle condition.

Example. sl>(C) with basis h = e11 — eoo,
e = e1p and f = e»1. Relations [h,e] = 2e,
[h, f] = —2f, and [e, f] = h. Cobracket:

5(e) Z%e/\h, 5(F) =%f/\h, 5(h) = 0

Example. A Poisson-Lie group G is a Lie group
and Poisson manifold w/ mult. G x G — G a
map of Poisson manifolds. Then its Lie algebra
TeG = G is a Lie bialgebra w 0 = dIl'l where Tl
is Poisson bivector G — A2G.



Quantum universal enveloping (QUE) algebras

Recall: Hopf algebra A is algebra, coalgebra w/
comultiplication and counit alg. homos. and
antipode map which is anti-homo. and inverse
to identity wrt convolution product on End A.
E.g. a group algebra, its dual and univ. env.
alg. U(G) of a Lie algebra G.

A quantization of A is a Hopf algebra A[[h]]
quantizing A as an alg. and where its comulti-
plication

A\ = Ao—|-hA1—|-h2A2—|—- -+ is an algebra homo.
formed from coalg. cocycle A7 on A which
passes all obstructions in degree three coalg.
cohomology.

A QUE algebra Uy(G) has quasi-classical limit
U(G). Then § = A1 —A3P is a cobracket mak-
ing G a Lie bialgebra. Up(G) is a co-Poisson
Hopf algebra.



Example. Uy(slo(C)) gen. by E, F, H,
relations [H, E] = 2F, [H,F] = 2F,
[E F] _ ehH_e—hH

: N
coproduct A(E) =E®ee"H +1x E,
A(F)=Fel+e M xF,
AH)=Hel+1H,
antipode S(E) = —Ee MH, S(F) = —elHF,
S(H) = —H,
counit e(F) =e(F) =e(H) = 0.

Sometimes expressed in rational form with
g=ch, K =", a group-like element
(AK)=KQ®K, e(K)=1 and S(K) = K 1).



GROUPOIDS. A groupoid G is a category whose
objects form a set X, called the base set, and
all of whose arrows are invertible. If we iden-
tify G with the arrows, there are two maps,
called source and target, o,7 : G — X. The
identity section € : X — @G sends an z to id,.
The product on G is composition, defined only
on composable pairs (g, h) where o(g) = 7(h).
Inversion G — G sends each arrow to its in-
verse. Various topological or smoothing con-
ditions may be imposed on these sets and maps
to define Lie groupoids, etc.

Examples. 1) A group is a groupoid over a
singleton set X. (The isotropy group of any
groupoid G is defined over an z in X. Orbit of
x are all points that may be reached from z.)

2) The pair groupoid on any set X is X x X
with the projection maps as source and target.



This may be viewed as the coarsest equiva-
lence relation on X. Any equivalence relation
corresponds to a subgroupoid.

3) Fundamental groupoid of a top. space X is
NX) = {(z,[1,»(0) = z,7(1) = y € X},
where fundamental group is an isotropy group
at a base point and orbits are path compo-
nents.

There are groupoids in group theory, Galois
theory, Poisson geometry, Lie theory, foliations:
[W].

Groupoid Algebra - Discrete version. Given fi-
nite groupoid G, extend by one element O €
G, provide G U {0} with semigroup structure
gh =0 if 7(h) # o(g) and g0 = 0 = 0g. Form
the standard semigroup algebra. Example: full
matrix algebra Mp(C) where e;jers = €;56;, for



pair groupoid on {1,2,...,n}. 3 groupoid C*-
algebra of a locally compact groupoid with Haar
system on o-fibers: [W].

Groupoid Action takes place on fiber spaces
over same base space X. If fibers are vector
spaces, we have a representation of groupoid.

The infinitesimal version of Lie groupoid:

Lie Algebroid. A Lie algebroid over a manifold
X Is a real vector bundle E over X together
with a bundle map p : E — TX, called the
anchor, and a real Lie algebra bracket [, ]g on
sections IN(F) s.t.

1) the anchor induces a Lie algebra homo-
morphism M(p) : M(EF) — IN'(TX).

2) for any f € C®°(X),V,W € I'(E) we have



Examples. 1) A Lie algebra, where X = pt. 2)
A bundle of Lie algebras over X, where p = 0.
3) The tangent bundle TX of a manifold X,
where p = id. A special case of:

4) the normal bundle E along the identity sec-
tion € of a Lie groupoid can be made a Lie
algebroid, where T'X above is the Lie algebroid
of X x X or MN(X).

5) Lie algebroid of a symplectic manifold (X, w):
via nondegenerate 2-form w a bundle isomor-
phism 7T*X — TX which is anchor map and
standard bracket on differential forms: e.q.
[df,dg] = d{f,g}. Extends to Poisson mani-
folds [W].

" Alternative tangent bundle with peculiar dif-
ferentiable structure where one carries out vir-
tually all diffential-geometric constructions (e.qg.
de Rham cohomology, Lie bracket and connec-
tions).”



Quantization. A Lie algebroid A has a type
of universal enveloping algebra UA [PX], a co-
commutative Hopf algebroid. E.g. A =TX
then UA = algebra of differential operators on
X. Ping Xu shows how to deform the algebra
UA to get noncocommutative QUE Hopf al-
gebroid U, A. The semiclassical limit of such a
deformation is always a Lie bialgebroid, which
IS a special Lie algebroid-coalgebroid.

DEFINITION OF HOPF ALGEBROID w/ to-
tal algebra H and base algebra R [Lu, PX
BoSz]:

1. H and R are (unital associative) k-algebras,

2. there are commuting algebra homomorphisms
R -5 H <~ R°P (called source and target,
respectively) where for each r,s €¢ R we
have o(r)7(s) = 7(s)o(r),



. fix the R-R-bimodule rpHp given by

r-h-s=o(r)r(s)h (he€ H)

. H has comultiplication A : H — H ®r H
given by notation A(h) = h(1)®h(p) Where
A(ly) =1y ®rly.

. multiplicativity of A with technical pre-condition
for all h,ge H, r € R,

h(y7(r) ®R h(2) = h(1) ®r h(2)0 (1)

A(hg) = A(h)A(g)

. an (anchor) map u: H — EndiR, an R-R-
bimodule morphism wrt bimodule

r-f-r =rf(=)r" and represent. of H on
k-linear space R (so write u(h)(r) := hp>r)
satisfying:



7. O'(h(l) l>7°)h(2) — hO‘(T)

3. T(h(z) > T)h(l) = hT(’I“).

Axioms above define a left R-bialgebroid
H.

Existence of an anchor map equivalent to
existence of counit ¢ : H — R [BM] (set
e(h) = h>1lp) s.t. (H,R,A,¢) is generalized
coalgebra (over possibly noncommutative
R), 8(1]_[) = 1p, and

e(gh) = e(go(e(h))) = e(gr(e(h)))

A Hopf algebroid (with bijective antipode)
is a bialgebroid s.t.

9. there is an anti-automorphism S : H — H
such that

10. SoT =0,



11. S(h2y) (1) ®r S(h(2))(2)h(1) = S(h) ®r 1H,
(where S—1 =039)

12. SCh(y) (yh(2) ®r S(h(1))(2) = 1um Qr S(h)
(Vh € H)

Example 1. Let R = kK = base field. Then Hopf
algebra and Connes-Moscovici twisted Hopf al-
gebras are Hopf algebroids.

Example 2. Let R be a separable algebra over
a field. Then a weak Hopf algebra is a Hopf
algebroid [EN].



DEPTH TWO EXTENSION. Alg. homo. or
subalgebra B — A is right D2 if natural bi-
modules jAp and 4A ®p Ap satisfy type of
projectivity condition: 4 split epi

AAD - D Ap — 4ARpB Ap

Equivalently, Y, Qm/](y)u Rp u2 = z®py, all

z,y € A for some v, € EndBAB, uj = uj @us €
(A®pg A)B. (Left D2 similarly def.)

Example. Depth two subfactors, finite dimen-
sional algebras; normal subgroups, Hopf sub-
algebras; depth one or centrally projective ex-
tensions, Galois and pseudo-Galois extensions
over groups, Hopf algebra, weak Hopf algebras.

Theorem [KS]. The algebras End gAg and
(ARp AP =2 End(4A®p5 A4) are bialgebroids,
fin. projective over R = C'4(B) =

{a € A|Vb € B,ba = ab} and dual to one an-
other.



PF. Left and right mult. & commuting maps,
R -2 E=EndpgAp < ROP.

Note E®Qpr E =, Homp_g(A®p A, A) via

a®QpB — aUB, cup product on relative Hochschild
cochains (extends to n-cochains = cup product
of 1-cochains). Define comult. A : E — EQrFE
by A(a)(x ®y) = alxy) for x,y € A.

Anchor u : E — End R given by u(a)(r) = a(r),
i.e. restriction of natural action by eval. of
End gAgp on A. Then counit e : H — R is

e(a) = a(ly).

Duality between E and T = (A®p A)® given by
R-val. nondegen. pairing (o, t'@pt?) = a(t)t?.
Right bialgebroid structure on 7T’ given by mult.
tt' = 14l @ 5 t2¢/?, source o(r) = 1®@pr, target
r(r) =r®pl, comult. A(t) =tl®1®t2 where
T@RT = (A®3A®B A)B,



anchor u(t)(r) = t1rt?, a generalized Miyashta-
Ulbrich action of Hopf algebra on centralizer of
Hopf-Galois extension, or quotient group con-
jugation action on centralizer of normal sub-
group [KK]. Counit e: T — R, (t) = t1t2.

Theorem [KS], [LK]. A is an algebra in the ten-
sor category E-MOD, and a Galois extension
over B if gA is balanced module.

PF. Two E-modules VW ~» E-module VQrW
via a-(vQw) = (a(l)-v)®(a(2)-w). Unit module
IS R via anchor representation.

E-module algebra: z,y € A, a € E = End gApg:
ab>x = «(x), eval. action.

Measuring: ap> (zy) = (oz(l) > x)(oz(z) >y).

AP = Invariants = generalized simultaneous
eigenvectors w/ eigenvalue a(1) € R, each a €
E. E.g. BC AY: arb=a(1)b.



Module gA is balanced if B L End Ag¢ is onto,
where £ = End gA. If so or B = C4(R), one
shows AL = B.

Galois Map B: A®p A =, AQ®prT given by
Bla®@pad) = chwj(a’) ®pr u; in terms of D2
quasibase uj € T, Vi € E.

Galois map inverse: a ®@pt — atl ®p t? since
> ayj(a)u; = a®pa’. (Ais dually a right T-
comodule algebra [LK].)



When do E or T have an antipode? Suppose
A| B is Frobenius algebra in B—MOD-B, i.e.
nondenerate B-B-bimodule map F': A — B w/
dual bases w;,y; € A s.t. idy = 3, F(—=xj)y; =
> ach(yj—). For example E has antipode

S(a) = Y a;F(aly)-)
J

Below we summarize other Hopf algebroids aris-
ing as bialgebroids of depth two extensions.

D2 Ext. A|B Bialgebroid End gApg

or Dual (A®p A)B
Fin. proj. alg. A [Lu] End A and A°
Irred. Frob. ext. [KN1] dual Hopf algs.
Frob. ext. w/ sep. cent. [KS] | dual weak Hopf algs. [KN2]
H-separable ext. [LKO] Hopf algebroid R¢
Hopf-Galois ext. [LK1] Lu Geometric Hopf algebroid
Pseudo-Galois ext. [LK2] Connes-Mosc. Hopf algebroic




Example: pseudo-Galois extension A| B [MM],
satisfying as A-A-bimodules,

AQpA & * = @,ccAy

where G is finite subgroup of algebra automor-
phisms of A fixing each element of B, and As
denotes the twisted A-module given by
a-xr=ao(x) for o € G.

By finding certain generalized Casimir elts., it
turns out End gAp is linearly generated by en-
domorphisms A\(r) o o o p(s) where r,s € R =
C4(B) and o € GG. Note that for r,s,u,v € R
and o,7 € G:

A1) op(s)or(w)Tp(v) = A(ro(u))oorop(vr™1(s))
Thus there is an R-bialgebroid epimorphism
R¢ >t G — End gApg given by

r®s>ior— A(r)ooop(s)

where multiplication on R¢ > G given by

(r@sxo)(u®uxr)=ro(u) @vr t(s) xor



Via the depth two machinery, easy to write
down Hopf algebroid structure more generally
on A€ 1 H where H is an involutive Hopf alge-
bra with left H-module algebra A [LK?2].

Hopf algebroid A€ 1 H where H is Hopf algebra
with antipode satisfying S% = idy and A is left

H-module algebra:

Multiplication: (a®@bxth)(c®@di<x k) =
a(h(1y-c) ® d(tg (ko)) - b) > hoyk(1),

Identity: 14 ® 14 1pg,
Source: AM(a) =a® 1y 1g,
Target: p(a) =14 R ax 1y,

A-A-Bimodule:
a-(b®c>h)-d=ab® c(rg(h(py) - d) > h)



Comultiplication:
A(a@b D] h) = (a®1A DX h(l))®A(1A®b < h(2))r

Anchor: u(a® b h)(xz) = a(h- (xb)),
Counit: e(a®b<xh) = a(h-b),

Antipode: S(a®bxih) =b®axt Sy(h).



Theorem [OP]. As Hopf algebroids,

A H=AGCOHGA

the Connes-Moscovici Hopf algebroid via
a®bl>4hr—>a@h(1)®h(2) - b

with inverse,

a@h@bl—>a®TH(h(2))-bNh(l)

Remark. The anchor for Connes-Moscovici is
a®h®b— Agoppo(h-—) as representation on A,
whereas the anchor computed in the previous
slide was a® bt h — Ago (h-—)op,. A short
computation shows:

Ao(h-—=)op,=XAgo0 Phnyb © (h(l) . —),

which lifts to the isomorphism above.



Some questions and problems related to depth
two:

1. Chirality Problem.
Is there a left D2 algebra extension that is
not right D27

2. Normality Problem.
Is a D2 Hopf subalgebra normal?

3. Galois Correspondence Problem.
Find new conditions under which D2 subex-
tensions correspond to Hopf subalgebroids.

4. Inverse Galois Problem.
Given a f.g. projective left bialgebroid, is it
the endomorphism ring of a D2 extension?
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